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Abstract 

The near-horizon geometry of the extremal four-dimensional Kerr black hole and certain gener- 
alizations thereof has an SL{2, M) x [7 (1) isometry group. Excitations around this geometry can 
be controlled by imposing appropriate boundary conditions. For certain boundary conditions, the 
U{1) isometry is enhanced to a Virasoro algebra. Here, we propose a free-field construction of this 
Virasoro algebra. 
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1 Introduction 



In the spirit of [1] , it was recently argued [2j that the extremal four-dimensional Kerr black hole [3] is 
holographically dual to a chiral conformal field theory (CFT) in two dimensions. The near-horizon 
geometry of the extremal four-dimensional Kerr black hole has an 5L(2,M) x U{1) isometry group. 
Excitations around the near-horizon metric can be controlled by imposing appropriate boundary 
conditions. To every consistent set of boundary conditions, there is an associated asymptotic 
symmetry group generated by the diffeomorphisms obeying the conditions. The conserved charge 
of an asymptotic symmetry is constructed as a surface integral and can be analyzed using the 
formalism of [4l[5]. In the studies [2l[6] of the Kerr /CFT correspondence and certain generalizations 
thereof based on the same isometry group, the SL{2,M) isometrics become trivial while the U{1) 
isometry is enhanced to a Virasoro algebra. 

As generators of the asymptotic symmetry group, the Virasoro generators are realized as differ- 
ential operators. Our objective here is to construct a free-field realization, resembling these differen- 
tial operators, of the centrally-extended Virasoro algebra generated by the conserved charges. Our 
construction mimics the one introduced in [7J on string theory on AdS^ in relation to the AdS /CFT 
correspondence [U El [10] . This construction was subsequently extended from the Virasoro algebra 
to various superconformal and topological conformal algebras [HI [12l [131 [HI [13 [13 [13 [E] > a-nd 
we hope to discuss similar extensions of the present construction elsewhere. 

Extending the work [19j on the entropy of three-dimensional black holes such as the BTZ black 
hole [20] , it was found in [211 [22] that a copy of the Virasoro algebra appears in the near- horizon 
region of any black hole and that it reproduces the black-hole entropy using the Cardy formula. A 
free-field description arises in the approach of [22] , but it is not related directly to the one proposed 
in the present work. 



2 Kerr/CFT correspondence 

In the global coordinates used in [2] , the metric of the near- horizon extremal Kerr black hole reads 
ds^ = 2GJf)2 (1 ^ ^2)^^2 ^ ^ ^ ^2(^^^ ^ ^^^-)2^ ^2.1) 

where 



S,'^ = O^W = i±|5!f, A = AW = -|5l!4^ (2.2) 

2 1 + cos^ V 

Its isometry group is SL{2,R) x U{1), where the rotational U{1) isometry is generated by the 
Killing vector 9<^. 

We are interested in perturbations of the near-horizon geometry of the extremal black 
hole whose background metric g^i, is defined in l\2.1h . Asymptotic symmetries are generated by 
the diffeomorphisms whose action on the metric generates metric fluctuations compatible with the 
chosen boundary conditions. We are thus looking for contravariant vector fields rj along which the 
Lie derivative of the metric is of the form 

J~'r1g^J.u ~ h^i, (2.3) 
To such an asymptotic symmetry generator r], one associates [H [5] the conserved charge 

^"^^8^ I ^^''t^' ^] = ^ / A dx^ (2.4) 
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where 



d^^"[h■ g] = rfD^'h - rfD^U''' + rj^D'^h'''' - h^'^'D^t + ^/i^^^ + hi'"' {D^'7]„ + D„r]^') (2.5) 

and where 9S is the boundary of a three-dimensional spatial volume, ultimately near spatial infinity. 
Here, indices are lowered and raised using the background metric gfj_p and its inverse, Z)^ denotes 
a background covariant derivative, while h is defined as, h = g^^h^y. To be a well-defined charge 
in the asymptotic limit, the underlying integral must be finite as r ^ oo. If the charge vanishes, 
the asymptotic symmetry is rendered trivial. The asymptotic symmetry group is generated by the 
diffeomorphisms whose charges are well-defined and non- vanishing. The algebra generated by the 
set of well-defined charges is governed by the Dirac brackets computed [U [5] as 

{Qr,,Qf)] = Q[n,fi] + j^^\^f^vi^v9;9] (2.6) 

where the integral yields the eventual central extension. 

Written in the ordered basis {T,r,{p,0}, the boundary conditions considered in [2] are the 
fall-off conditions 



-3 —1 -2 



hf,u = Kfj, (2.7) 



and the zero-energy condition Qq^ = 0. Consistency of these conditions was confirmed in 
The generators of the corresponding asymptotic symmetry group read 

^ = -e'{ip)rdr + e{ip)d^ (2.8) 

and form the centreless Virasoro algebra 

[^e,C,]=Li'-e'i (2.9) 

This symmetry is an enhancement of the exact U{1) isometry generated by the Killing vector 9^ 
of (j2.ip as the latter is recovered by setting e{ip) = 1. The usual form of the Virasoro algebra is 
obtained by choosing an appropriate basis for the functions e{ip) and e{ip). With respect to the 
basis Cn{^), where 

= -e-*"^ (2.10) 
one introduces the dimensionless quantum versions 

Ln = l{Q^„ + Y<o) (2.11) 

of the conserved charges. After the usual substitution {., .} — > —■![.,.] of Dirac brackets by quantum 
commutators, the quantum charge algebra is recognized [2] as the centrally-extended Virasoro 
algebra 

c 12 J 

[Ln,Lm] = (n - m)Ln+m + J^^i'^'^ ~ '^)K+m,0, C = (2.12) 

This quantum charge algebra also arises when considering boundary conditions sufficiently similar 
to those in (j2.7p . A partial classification of such alternatives can be found in ^25j. 
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In [B], it was shown that the Kerr/CFT correspondence generahzes to a Kerr-Newman-AdS'- 
dS'/CFT correspondence. The near-horizon metric of these extremal black holes has an SL{2, M) x 
U(l) isometry group. Imposing the same boundary conditions as above, one obtains the same 
asymptotic symmetry generators (j2.8p enhancing the U{1) isometry, but a central extension de- 
pending on the parameters characterizing the various generalizations of the extremal Kerr black 
hole. 



3 Free-field construction 



3.1 Free fields 

Let us consider a pair of bosonic scalar fields (pi{z) and f2{z) whose operator-product expansions 
are given by 

(pi{z)ipj{w) = -5ij ln(z - w) (3.1) 
The corresponding energy-momentum tensor and central charge are 

=Y.{- \dVr{z)dVi{z) - ^d\i{z)) , c^ = 2 + 2,Ql + 2,Ql (3.2) 

i=l,2 

where Qi is the (renormalized) background charge associated to (pi{z). Here and in the following, 
normal ordering is implied and regular terms are omitted. We also consider a pair of bosonic ghost 
fields (){z) and 7(z) of conformal weight A(/3) = A and A(7) = 1 — A, respectively, whose mutual 
operator-product expansion and corresponding energy-momentum tensor are given by 

I3{z)-i{w) = Tp^{z) = XP{z)dj{z) - (1 - A)7(z)a/3(z), c/s-y = l^X^ - 12A + 2 (3.3) 

We are mainly interested in the case where A = 1. 



3.2 Reafization of Virasoro generators 

The objective here is to construct a free-field realization, resembling the differential-operator re- 
alization in (|2.8p with e„ defined in (j2.10p . of the Virasoro algebra (|2.12p . Our goal is thus 
to formulate a 'direct quantization' of the differential operators reproducing the Virasoro algebra 
(I2.12|) . Mimicking the construction in [7j, we wish to realize the Virasoro generators as contour 
integrals like 

L^=I^Cn{z) (3.4) 

where Cn{z) is expressed in terms of free fields. Invariance of this construction with respect to the 
free-field ('world-sheet') Virasoro generator 

T{z) = T^{z) + T^^iz), Tn=i ^nz)z^+' (3.5) 

(here anticipating a construction in terms of ^i{z), '~p2{z), (3{z) and "f(z)) means that the two copies 
of the Virasoro algebra must commute 

[r„,L^]=0 (3.6) 
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This is ensured if the integrands C^iw) are primary fields of conformal dimension 1 

^/ N ^ / N ^viw) dC„(w) „ /Cn(w)\ , „, 

T{z)Cn{w)= . ' + ' =d^(^^) 3.7 

[z — wY z — w \ z — w / 

which we will require in the following. 

Initially following the standard procedure in Wakimoto free-field realizations [26], see [271 [2H1 
[29} [30l EU [32] and references therein, we perform the 'quantization' 

r^^iz), dr^Piz) (3.8) 

where /3{z) and j{z) define a bosonic ghost system (13. 3p with A = 1. The 'residue' of the operator- 
product expansion P{z)'y{'w) thus reproduces the commutator [dr,r] = 1. 

We likewise wish to replace the periodic coordinate (/? appearing in e„((/9) = — e"*"*^ with a 
compactified bosonic scalar field <fi{z). However, exponentials like e~*"''^i(^) have n-dependent 
conformal properties with respect to T(z), in violation of (|3.7p . Furthermore, the operator-product 
expansion of two exponentials like g-^^-fii^) a,nd e~*™'^i('") can produce a pole or a zero of arbitrary 
order, preventing modes of the form (j3.4p from generating a Virasoro algebra. We thus propose to 
screen ^pi{z) by introducing a companion bosonic scalar field 'f2{z) and consider 

ip{z) = (pi{z) + ia(f2{z), cr^ = 1 (3.9) 

The main virtue, in this context, of the complex bosonic scalar field ip{z) is its trivial operator- 
product expansion 

(p{z)ip{w) = (3.10) 

since it avoids the aforementioned obstacles faced by the use of fi{z) alone. From the present 
perspective of quantizing the differential operators, there is no apparent reason for favouring f2{z) 
compact instead of non-compact. In order to interpret (p{z) as a cylinder coordinate, though, one 
should choose ^P2iz) non-compact. For convenience, we set a = 1. 

Similarly to (13. 8p . the replacement of d^^ should have 'residue' 1 in its operator-product ex- 
pansion with ip{z). There is considerable freedom when choosing this replacement, due to (j3.10p . 
but in anticipation of the invariance ()3.7p imposed below, we require that dip is replaced by a linear 
combination of d(pi{z) and dip2{z). We thus supplement (|3.8p by 

if — > ip{z), dip —dipi{z) (mod dip{z)) (3.11) 

Combining the above, and with reference to ()2.8p and (j2.10p . our ansatz for the integrand 
Cn{z) now reads 

Cn{z) = ane-*"^(^)7(z)/3(z) + e-'"^(^) (- hdipi{z) + 6„5(^(z)) (3.12) 
where o, h and bn are parameters to be fixed in the following. Since 




(3.13) 



it follows that 

Ln= i [an^{z)l3{z) - hd^i{z)) + ibop6n,o (3.14) 
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where 



^^~^fo " ^ (~ ^^^^^^^ + d^p2iz)^ (3.15) 

This charge appears as (minus the usual convention for) the momentum generator of (p{z) 



ip(z) =q-i(-p)lnz + iY—z~'' (3.16) 

^ n 



and it is noted that p is a central element with respect to the Virasoro generators 

[Ln,p\ = (3.17) 

To verify that the ansatz (|3.12p does the job, and in the process fix the various parameters, one 
inserts the ansatz for Cn{z) into (j2.12p and (j3.7p . In the affirmative, one finds that the conserved 
charges L„ in (j3.4p are invariant (|3.7p and generate the Virasoro algebra (|2.12p provided 

a = l, h = -i, ^o = -y, Qi = Q2 = (3.18) 

That is, 

= /|^e-*"('^^(^)+^^^(^))(n7(z)/3(z) +i5(^i(z)) + ^5n,Q (3.19) 
and the central charge is found to be 

c = 2Ap (3.20) 

It also follows that p itself (and hence c) is invariant with respect to r(z), and that the central 
charge of the free-field Virasoro algebra generated by T{z) equals the number of free fields, namely 

+ = 4 (3.21) 

Now, comparing c = 24p in (I3.20p with the central charge c = 12J/h associated to the near- 
horizon extremal Kerr black hole (|2.12p , we see that the eigenvalues of the central element p should 
be quantized according to 

For given J, this imposes conditions on the representation theory of the free-field description, 
much akin to the so-called Bose sea level |33t of a bosonic ghost system. Similar conditions, 
though based on different expressions for the central charge, apply when considering the various 
generalizations of the extremal Kerr black hole discussed in [6] and referred to at the end of Section [2l 
Recalling the general bosonization recipe of [33], one may wonder if our construction in terms 
of the pair ifiiz) and (p2{z) corresponds to the bosonization of a bosonic ghost system 

7(z) ~ e-*^i(")+^2("), /3(z) ~ -e^^^(")-^2(")i5v?i(z), A = l (3.23) 

independent from the one introduced in (13. 8p . Since the associated ?7(1) current j{z)f3{z) is anoma- 
lous with respect to T^^^^z) = (3{z)d^{z), while its bosonization —dip2{z) is not (since Q2 = 0), 
(j3.23p is not a 'quantum equivalence'. This may not be of primary concern, though, since the 
only given entities are the central charge and the differential operators in the classical limit. The 
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incompleteness of the bosonization (|3.23|) nevertheless precludes invariance with respect to the 
corresponding free-field Virasoro generator 

f{z)=P{z)djiz)+Piz)d^{z), c = 4: (3.24) 

As a remedy, one can modify the ansatz (j3.14p and consider 

^" = i 1^^"^^^ {^nl{z)P{z) + bn7{z)P{z)) + b'^p6n,0, P = ^i^^ ^^'^^^ 

This is invariant and generates the Virasoro algebra provided a„ = n + l, 6„ = — 1 and b'^ = 0, that 
is, 

Ln = ((n + l)l{z)m - i{z)Kz)) , c = 2Ap (3.26) 

where [-Ln,p] = 0. In this picture, p is related to the winding number of 7(2:). It is noted that, 
for A = ^, the U{1) current 7(z)/3(z) is anomaly free, but j"'{z) then has conformal dimension 
n(l — A) 7^ with respect to the corresponding free-field Virasoro generator. 

It is emphasized that our proposal (j3.19p is only one among many possible quantizations of 
the differential operators underlying the Virasoro algebra appearing in the (generalized) Kerr / CFT 
correspondence [21 E]. The somewhat related construction (13.260 illustrates this assertion. Other 
possibilities arise when varying the parameter A of the bosonic ghost system introduced in (|3.8p 
as this changes the anomaly of the associated U{1) current 'y{z)P{z) and in effect the conditions 
following from (j3.7p . One could also consider bosonizing this current (writing 'y{z)P{z) ~ —d(p3{z)) 
or to generalize the ansatz (I3.12p by allowing the coefficient an to be general linear (an — > an + no), 
for example. From a purely algebraic point of view, though, it appears that the proposal (j3.19p is the 
one resembling the differential operators the most. Even so, there is no claim that this construction 
actually describes the CFT appearing in the Kerr/CFT correspondence. Better insight is gained 
once the corresponding representation theory is understood, and we hope to address this theory and 
discuss correlation functions elsewhere. Here, we merely point out that there is residual freedom 
when determining the vacuum of the CFT for given central charge (eigenvalue of 24p). It remains to 
be seen if a sensible pairing exists between the corresponding CFTs and the various generalizations 
of the extremal Kerr black hole considered in [21 [6] . 

It is desirable to test the (generalized) Kerr/CFT correspondence beyond the comparison [21 E] 
of the black-hole entropy with the entropy computed using the Cardy formula. One such test was 
provided in [35j on black-hole superradiance. An alternative approach is to consider black-hole 
solutions of gravity theories with higher-derivative corrections as discussed in [36^ |371 [38l ES] and 
references therein. These higher-derivative terms would then affect the corresponding CFT, in 
particular its central charge. One can hope that our construction provides means of addressing this 
issue. 
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